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Abstract. We derive sharp estimates for the maximal solution U of (*) 
— Au + = in an arbitrary open set D C The estimates involve 
the Bessel capacity C2,q' , for q in the supercritical range q > qc '■= 
N/{N — 2). We provide a pointwise necessary and sufficient condition, 
via a Wiener type criterion, in order that U (x) —> <x as x y for given 
y G dD. This completes the study of such criterions carried out in [10| 
and [18]. Further, we extend the notion of solution to C2^q' finely open 
sets and show that, under very general conditions, a boundary value 
problem with blow-up on a specific subset of the boundary is well-posed. 
This implies, in particular, uniqueness of large solutions. 

Solutions maximales de Au — it' dans des ensembles ouverts et 
finement ouverts 

Resume. Nous demontrons des estimations precises pour la solution 
maximale U de (*) — Au + u'' = dans un domaine arbitraire D C R'^. 
Ces estimations impliquent la capacite de Bessel C2^q' , pour q appar- 
tenant a I'intervalle sur-critique q > qc '■= N/{N — 2). Nous donnons 
une condition necessaire et sufRsante ponctuelle, via un critere de type 
Wiener, pour que U{x) — > oo quand x —> y pour un y £ dD arbitraire. 
Ce resultat complete I'etude de tels criteres menee dans [10] et [18) . En 
outre, nous etendons la notion de solution a des ensembles finement ou- 
verts pour la topologie C2,q' et montrons que, sous des conditions tres 
generates, un probleme aux limites avec explosion sur un sous-ensemble 
specifique du bord est bien pose. Cela implique en particulier I'unicite 
des grandes solutions. 
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1. Introduction 
In this paper we study solutions of the equation 

(1.1) - Au+\u\'^'^u = 0, 

in \ a smooth domain in M^, > 3 and F C 0,, F compact 

or, more generally, a bounded set, closed in the C2^q' fine topology. Here 
q > I and C2,q' refers to the Bessel capacity with the specified indexes. If 
1 < q < Qc = N/ {N — 2) then the fine topology is equivalent to the Euclidean 
topology. Therefore, throughout the paper we shall assume that q > qc, in 
which case the two topologies are different. 

If D is an open set and /i is a Radon measure in D, a function u G L'(^^{D) 
is a solution of 

(1.2) - Au+ = ^ in D 

if the equation is satisfied in the distribution sense. It is known [6j that ()1.2p 
possesses a solution if and only if ^ vanishes on sets of C2,qi capacity zero. 
When this is the case we say that // satisfies the (B-P)q condition (i.e., the 
Baras-Pierre condition), li D = and /i is a Radon measure satisfying 
this condition then (jl.2p possesses a unique solution. 

Further, if D is open, it is known that 6*2,5' (M^ \ ^) = if and only 
if the only solution of (jl.ip in D is the trivial solution. In view of the 
Keller - Osserman estimates, the set of solutions of (jl.ip in D (denoted by 
Ud) is uniformly bounded in compact subsets of D and every sequence of 
solutions possesses a subsequence which converges to a solution u. Finally 
the compactness together with the maximum principle imply that max Uo 
is a solution in D. The maximal solution in D is denoted hyUp, F = MJ^\D. 

Now suppose that F = [J'^^^^Kn where {Kn} is an increasing sequence of 
compact sets such that 

C2,AF\Kj)^Q. 

Then {Uk„} is non-decreasing and we denote Vp '■= lim Uk„- In this case 
F may not be closed; in fact, it may be dense in D = F'^, so that in general 
we cannot apply the Keller - Osserman estimates. Therefore, on this basis. 
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it is not even clear whether Vp is finite a.e. in D. It wih be shown in the 
course of this paper that this is actually the case. 

Naturally, further questions come up: Is Vp, in some sense, a generalized 
solution of (11. ip in D and, if so, is it the maximal solution? Is it possible to 
characterize Vp in terms of its behavior at the boundary? 

The main objective of this paper is the study of properties of the maximal 
solution of (jl.ip in F'^, first in the case that F is compact; secondly in the case 
that F is merely C2,g'-finely closed. In the second case we introduce a new 
notion of solution which we call a C2,q' -strong solution (see Definition 17. ip 
and show that Vp is indeed a solution in this sense and that it is the maximal 
solution. We also show that many of the properties of the set of classical 
solutions are shared by the class of C2,q'-strong solutions. 

For F compact, the properties of Up have been intensively investigated, 
especially in the last twenty years. A question that received special attention 
was the existence, uniqueness and estimates of solutions of the boundary 
value problem 

-Au+\u\'i'^u = in D = F'', 

(I 3) 

^ ' ' lim u{x) = oo Vy € dD. 

The question of existence reduces to the question whether Up blows up 
everywhere on the boundary. 

A solution of (jl.3p is called a large solution of (jl.ip in D. If D is a 
smooth domain with compact boundary, it is known that a large solution 
exists and is unique, (see [22j, |2j, [3j, [32j). These results were extended 
in various ways, weakening the assumptions on the domain, extending it to 
more general classes of equations and obtaining more information on the 
asymptotic behavior of solutions at the boundary, (see [1], [23], [21], [5] and 
references therein). 

In the present paper we also consider two related notions: 

(a) A solution u is an almost large solution of (II. ip in D if 

(1.4) lim u{x) = oo C2,g' a.e. y € dF. 

This notion is, in a sense, more natural, because (as we shall show) Up is 
invariable with respect to C2.q' equivalence of sets. (Two Borel sets E , F 
are C2^g' equivalent if C2^q'{FAE) = 0.) 

(b) A solution u of (jl.ip is a dq-large solution in D if 

(1.5) lim u[x) = CO C2^q' a.e. y £ dqF, 

where dqF denotes the boundary of F in the C2,5'-fine topology. 

Here is a quick review of results pertaining to the case F compact. 

In the subcritical case, i.e. 1 < q < Qc ■= N/ {N — 2), the properties of Up 
are well understood. In this case C2,q'{F) > for any non-empty set and 
it is classical that positive solutions may have isolated point singularities of 
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two types: weak and strong. This easily implies that the maximal solution 
C/f is always a large solution in F'^. Sharp estimates of the large solution 
where obtained in |28] . In addition it is proved in [33] that the large solution 
is unique if dF^ C dF^ . 

In the subcritical case, solutions with point singularities served as building 
blocks for solutions with general singularities. In the supercritical case, 
i.e. q > Qc, the situation is much more complicated, because there are no 
solutions with point singularities. 

Sharp estimates for Up were obtained by Dhersin and Le Gall [10] in the 
case q = 2, N > A. These estimates were expressed in terms of the Bessel 
capacity 6*2,2 and were used to provide a Wiener type criterion - to which 
we refer as (WDL; 2) - for the pointwise blow up of Up, i.e., given y ^ F, 

(1.6) lim Uf{x) = 00 <^=^ the (WDL; 2) criterion is satisfied at y. 

These results were obtained by probabilistic tools; hence the restriction to 
q = 2. 

Labutin [T8] extended the results of [lOj in the case q > qc- Specifically, he 
obtained sharp estimates for Up similar to those in [10], with 6*2,2 replaced 
by C2,g'. These estimates were used to obtain a Wiener criterion involving 
C2,g' (we refer to it as (WDL;q)) relative to which the following was proved: 

(1.7) Up is a large solution <^=^ (WDL;q) holds everywhere in F. 

Of course this result is weaker then (11.60 . However a careful examination 
of Labutin's proof reveals that, in the case q > qc, his argument actually 
proves (II. 6|) . In the case q = qc Labutin's estimate was not sharp and it did 
not yield (II. 6p although it was sufficient in order to obtain ()1.7p . 

Uniqueness was not discussed in the above papers. Necessary and suffi- 
cient conditions are not yet known. Sufficient conditions for uniqueness of 
large solutions, for arbitrary q> 1, can be found in [23], [27] and references 
therein. Uniqueness will also be one of the main subjects of the present 
work. 

The first part of the present paper (Sections 2-4) is devoted to the study 
of the maximal solution Up when F is compact and of the almost large 
solution in bounded open sets. Here is the list of main results obtained in 
this part of the paper: 

I. Sharp capacitary estimates of Up in the full supercritical range q > qc, 
N > 3. As a result, we show that a variant of (jl.6p holds in the entire 
supercritical range. Specifically, we show that, for y G F, 

(1.8) lim Up{x) = 00 <^ Wp{y) = 00, 

where Wp : [0, 00] is the capacitary potential of F, (see (12. 2|) for its 

definition). 
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For q > Qc the condition WF{y) = oo is equivalent to the (WDL;q) crite- 
rion mentioned before. However our proof does not require separate treat- 
ment of the border case q = Qc and is simpler than the proof in [18j even for 
q > qc- 

II. For every compact set F, Up is an almost large solution in F^ and Up 
is a -moderate. 

The statement ^Up is o"- moderate ' means that there exists a monotone 
increasing sequence of bounded, positive measures concentrated in F, {fJ-n}, 
satisfying the (B-P)g condition, such that ] Up. 

Finally we establish an existence and uniqueness result; for its statement 
we need some additional notation. For any set E C 

E = closure of E in the C2,g'-fine topology, dqE := E (1 E^. 

III. Let Vt = Uil„, where {Vt^} is an increasing sequence of open sets, and 
put Dn = \ Assume that 

(1.9) C2,q>{^\^n) and C2,q'{dnn\D„) ^0. 

Then the boundary value problem 

(1.10) —Au + u'^ = in Q, lim u(x) = oo for C2 „' a.e. y (z dq^ 
possesses exactly one solution. 

In other words, an open set J7 as above, possesses exactly one dq-lavge so- 
lution. If di} is compact then, this solution is an almost large solution. 
Indeed, by II, the maximal solution Uqq is an almost large solution in fi. 
Since dgQ C dQ, this implies that Uqq is a 3q-large solution. By III, Uqq is 
the unique such solution in 0. 

In the second part of the paper (Sections 5-7) we extend our investigation 
to the case where F is C2,g' finely closed. We introduce the notion of C2,q'- 
strong solution in D = \ F, which is now merely C2,q'-finely open, and 
prove that Vp is a C2,5'-strong solution. By definition a C2,g'-strong solution 
belongs to a certain type of local Lebesgue space described in Section [6] be- 
low. Further we derive integral a-priori estimates which serve to replace the 
Keller-Osserman estimate in this case. Using them we prove removability 
and compactness results. In addition we show that the capacitary estimates 
I and the Wiener criterion for pointwise blowup, namely (II. 8p . persist for 
Vp. We also establish the following version of II: 

II'. For every C2,q' -finely closed set F, Vp is the maximal C2^q' -strong solu- 
tion in F^. Vp is a dq-large solution and it is a-moderate. 

Finally, we have the following existence and uniqueness result: 

III'. Let be a C2^qi -finely open set. Let be a sequence of open sets 

such that 

(1.11) C2,5'(G„AJ]) ^ 0, C2,q'{dGn \ dqGn) ^ 0. 
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Then (11.101) possesses exactly one C2,q' -strong solution. The definition of 
blow up at the boundary is defined in a manner appropriate for this class of 
solutions (see Defimtion \7.S^ 

Note that here we do not assume that Gn is contained in Q or contains Q. 
HQ cGn for every n G N then (jl.lip implies (fL9|) . 

This seems to be the first study of the subject in the setting of the C2^q' 
fine topology, introducing a notion of solution in sets where the classical dis- 
tribution derivative is not applicable. However the related subject of 'finely 
harmonic functions' has been studied for a long time (see e.g. [I6|). Finely 
harmonic functions are defined on finely open sets relative to classical Ci_2- 
capacity; however their definition depends on specific properties of harmonic 
functions (e.g. the mean value property). 

The framework presented here is particularly suitable for the study or 
(jl.ip and ()1.2p because limits of solutions in open domains lead naturally 
to C2^q' strong solutions in C2,g'-finely open sets. The underlying limit is 
relatively weak, namely, limit in the topology of a local Lebesgue space 
defined by a family of weighted semi-norms with weights in W'^''^ (M^) that 
are bounded and compactly supported in the finely open set (see Section [6]). 

At present this framework is presented mainly in the context of the study 
of maximal solutions and uniqueness of solutions with blow up on the C2,g' 
boundary. A more detailed study, including an extension to more general 
boundary value problems will appear elsewhere. 

Partial list of notations 



• [a < f < b] means {x : a < f{x) < b}. 

• AAB = {AU B)\{AnB). 

• f,g are non-negative functions with domain D then f ^ g means 
that there exits a constant C such that C~^f < g < C f . 

• A^ B means C2,q'{Al^B) = 0, AcB means C2,g'(A \ = 0. 

• A means 'the closure of A in the C2,g' fine topology'. 

• dqA means 'the boundary of A in the 6*2,5' ^'^^ topology'. 

• intqj4 means 'the interior of A in the 6*2,5' ^'^^ topology'. 

• A <^ B means ^A bounded and A d B\ 

• Br{xo) = {x G : \x- Xo\ < r}. 

• Xa denotes the characteristic function of the set A. 

• (B-P)g condition: A measure fi satisfies this condition if \fJ,\{E) = 
for every Borel set E such that C2,q'{E) = 0. 

• Uf^ denotes the solution of (|1.2p in when is a Radon 
measure satisfying the (B-P)^ condition. 
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2. Upper estimate of the maximal solution. 

In this section F denotes a non-empty compact set in and the maximal 
solution of (|l.ip in W^\F is denoted hy Up- Further, for x € , we denote 

r^(x) = {y G : 2-(™+i) < \y - x\ < 2-"^}, 

= Fnr^(x), F^(x) =FnB2-™(x), 



(2.1) 



E2m 
2^C2,g. (2'"F^(x)) 



(2.2) 



— oo 
oo 



Ty^(x)=5^2^C2,,. (2"F;.(x)). 



We call Wp the C2,q' -capacitary potential of -F. It is known that the two 
functions in (j2.2p are equivalent, i.e., there exists a constant C depending 
only on g, such that 

(2.3) Wf{x) < Wf{x) < CWpix) 

see e.g. [29] . 

If X is a compact subset of a domain Q put, 

(2.4) X;^(17) := {rj e C2(J^) : < r? < 1, = 1 on iVf }, 

where denotes an open neighborhood of K depending on rj. 
The following theorem is due to Labutin |18j : 

Theorem 2.1. Let q > Qc- There exists a constant C depending only on 
q, N such that, for every compact set F , 

(2.5) Uf{x) < CWf{x) Vx G D. 

For the convenience of the reader we provide a concise proof; components 
of this proof will also be used later on in the paper. The main ingredient in 
the proof is contained in the lemma stated below. 



Lemma 2.2. Let R > 1 and denote by ipn the solution of 

(2.6) -A^ = Xs«(o) mR^, lim ip{x) = 0. 

\x\—i-oo 

Given r/ G VV^'i'iM.^), 0<ri<l, put 

There exists a constant c{N, q, R) such that, for every compact set K C 

(2.7) / ^%^^<c-hr;.„',«., Vr?GX;,(M^), 

(2.8) / UK{l-vf'''dx<chr'^, Vr,GXK(M^). 



(2.12) 
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Proof. For \x\> R + 2, 

(2.9) <ipa{x) + UKix) <c\x\'^'^, \V^iiix)\ + \VUKix)\ <c\x\'^''^ 

where c = c{N, q, R). For every R' > R and r] G ^^^'^'(M^), 
(2.10) 

/ {- Uk AC^ + U'j^Cv)dx = f {UKVCr,-Cv^UK)-xdS. 

By ()2.9p . the right hand side of (|2.10p tends to zero as ii' — > oo and we 
obtain, 

(2.11) / {-UKACr, + Ul^Cv)dx = 0, 

Jd 

where D :=R^\ K. Further, 

ACr, = ^nA{l - iif"' - (1 - r^f^'xB, + 2V^n ■ V(l - r?)^'?' 

so that, 

/ C/^Cr, dx+ [ Uk{1 - vf^'dx = 

Jd Jbr{o)\k 

[ UK{^nA{{l - 7?)2«') + 2Vip^ ■ V((l - ??)2«'))dx. 
Jd 

Now, 

A((l - r]f^') = -2g'(l - rif'-^Ar, + 2q'{2q' - 1)(1 - iif^'-^lVvl^, 
so that 

(2.13) / UKiPRA{{l-r]f'^')dx<c{h+l2), 
Jd 

where 

h:= [ UKVR{l-vf'^'-'\Ar]\dx, h := [ UkVr{1 - r]f'i'-^\Vv\^dx. 
Jd Jd 

The estimate of Ii is standard. 

h<( [ W^CndxY^^ [ ipn{l-r])\Ar^\'^'dxy^'' 

(2.14) ^ ^ 

To estimate /2 we consider r] G Xii-(i?ij(0)) and use the interpolation in- 
equahty 

(2.15) |||Vr?|l^,.^^, < c{q,N,R) H^'^L^'^,, • 
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We obtain, 

(2-16) <c(^f/iC,rfx)'^'|||Vr?|2||^,,^^^ 



for r] G Xk{Br{Q)). Next 

/ UKVVa-y{{l-V?'')dx<2q' [ Uk\V^^\\V7]\{1 - Tif^'^^dx 

(2 17) 

In view of the fact that, for \x\ > R -\- 2, v^ij(x) > c|xp~^, p.Op imphes 

(/'H^lVc/.^r' <c(iV,g,ii). 

Hence 

(2.18) I^UKV^n-V{{l-vf''')dx < c(^j^U%C,dx)^'' II^ILw,«iV) 

Combining (|2T^ - (|2J8| ) we obtain ([22]) and (gS]) for r? G Xk{Br{Q)). 

Pick u; G C;?^(5i?(0) such that < w < 1 and u; = 1 in Si(0). Given 
r/ G Xi^(R^), ([221) and ([23]) are vahd if ry is replaced by ivrj. However 
(1 — ?]) < (1 — ujri) and 

Therefore ([221) and are vahd for every r/ G Xk(M^). □ 

Corollary 2.3. Assume that R > 3/2. There exists a constant ci = 
ci{N,q,R) such that, for every compact set K C -Bi(O) 

(2.19) / U%ipndx+ [ Uxdx <ciC2,q'iK) 

^f3/2<|a;|l J\3/2<\x\<R] 



and 



(2.20) sup Uk < ciC2,,'{K). 

[3/2<\x\<R] 

Proof. Recall that 

(2.21) C2,g'{K) = inf{||r?r' , : l^ G ^^(M^)}. 

Vv (Ik ) 

Let u! G (7^(^3/2(0)) be a function such that < w < 1 and u; = 1 on 
Bi{0). For every compact set K C Bi{0) put 

(2.22) C^^^,iK) = inf{||a;r/rj,^^,^^^^ : r? G X,,(M^)}. 



(2.24) 
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Clearly C2,q'{K) < C^^g,{K) and since 
we have 

(2.23) C2,q'{K) < Clg,{K) < c{N,q,uj)C2,g'{K). 

Let {rjn} be a sequence in Xi^(M^) such that 

For K C Bi{0) ([22]) implies that, 

/ U^ipudx < Mm. inf / Ul^Lp — ojrjnf"^ dx 

<c(N,q,u;)C2,q'{K). 

This proves (|2.19p . Inequality (j2.20p (with the supremum over a slightly 
smaller annulus, say, [3/2+e < |x| < R—e] with e > such that R > 3/2+2e) 
follows from (12.190 and Harnack's inequality applied as in [28] . □ 

Proof of Theorem \2.1\ Inequality ()2.20p implies, 

(2.25) Uf{x) < c(iV,(?)p^(x)-2/('?-i)C2,g'(F/p^(x)) 

for every every compact set F C and every x € M.^ \ F such that 
Pf{x) ^ (3/2)diamF. Recall that pp{x) := dist(x,F). 

The implication relies on the similarity transformation associated with 
(jl.ip . For any a > 0, we have 

(2.26) Uf{x) = a-'^'^^'^^UF/a{x/a) Vx G \ F. 

Assume, as we may, that F C Bji{0), R = diamF. Fix a point x G \ F 
such that a := Pf{x) > R- Applying (j2.20p to the set K = 3F/2a, we obtain 

Uf{x) = (2a/3)-2/('2-i);7^(3s/2a) 

< c{N,q)a'^'^'i-^^C2,AK) < c'{N,q)a-^/^''-'^C2,,'iF/a). 

Next we show that (|2.25p is equivalent to (j2.5p . Let x & D and put 

(2.27) M{x) ■.= min{men ■.2~"' < Pp{x)}. 
Then Fj^{x) = for all k > M(x) and consequently 

Mix) 

NT^ 2fc / , \ 2M(x) 

Wf{x)= V 2—C2,,' {2''Fk{x)) <C2^ sup C72,,'(2'=Ffc(x)). 
k=-oo ^ ' '=<^(-) 

However it is known that there exists a constant A depending only on g, N 
such that 

(2.28) C2,g'{aE) < Aa^'^ C2,q'{E) Va E (0, 1), 
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(see e.g. [29]). In addition, for every £ > 1 there exists a constant A, 
depending on q, N, i, such that 



< C2pA^)^'C2,q'{2F/p^{x)) < C^pA.x)^'C2,q'{F/p^{x)), 



where Ci are constants depending only on q,N. Thus (j2.5|) imphes (j2.25p . 

To prove the imphcation in the opposite direction we use the foUowing 
facts: 

For every compact set F there exists a sequence of bounded domains {Dn} 
such that 

(2.30) (i) \JDn = D := F", (ii) Dn C (iii) dDn is Lipschitz. 

Such a sequence is called a Lipschitz exhaustion of D. 

If Un denotes the maximal solution of (II. ip in D„ then Un is the unique 
large solution of (jl.ip in Dn (see [27J), n„ > n„,_|_i in D„ and Up = limn„. 

Let Ei, i = 1, . . . ,k be compact sets and E := U^Ei. One can choose 
a Lipschitz exhaustion {Di^n}^=i of Di := Ef, i = 1, . . . , A;, such that the 
sequence {-Dn}, F)n = Ci^^iDi^n, is a Lipschitz exhaustion of D. Let Uj^^ be 
the large solution in Di^n- Then Vn = max(ni^n) • • • ■,Uk,n) is a subsolution 
while Wn = X^iLi ^i,n is a supersolution of (jl.ip in Hence u„, the unique 
large solution of (jl.ip in satisfies Vn < Un < Wn- Consequently 



(2.29) C2,q'{aE)<Aa 



— C2,,'{E) VaG(l,£). 



Inequality (j2.28p implies that 



k 



(2.31) 




i=l 



Returning to the notation of Theorem 12. Ij fix x € -D and put 



i{x) = max{z £ Z : F C B2-i{x)}. 



Then F = uff^Fn^ix) and, by (fOT]) and (|2311 . 



Af(x) M(x) 



i7F< ^ t^F,(x.)<C X] 2l^C2,,'(2™F„,(x)). 




In particular, Uf{x) < CWf{x). Thus (f2:25|l implies ([231) . 



3. Lower estimate of the maximal solution 
We need the following well-known result: 
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Proposition 3.1. Let ^ he a positive measure in tV~^''?(M^) and let Q be a 
smooth domain with compact boundary. Then there exists a unique solution 
of each of the problems 

(3.1) — Am + u"^ = fi in Q, u = on dQ 
and 

(3.2) — Am + u'^ = ^ in Vt, u = oo on di}. 

If is the whole space then there exists a unique solution of the equation 

(3.3) -AM + M« = /i iriM^. 

In each case the solution increases monotonically with /x. Finally 

= lim M^o = Jim ^^,oo 

where m^q and uj^^ are the solutions of (j3.ip and ()3.2p respectively, when 
n = Bii(0). 

When n € L[^^(]R^) the result is due to Brezis [8] and Brezis-Strauss [9j. 
In the case of a smooth bounded domain Q, with jj, G VF~^'^(0), the result 
is due to Baras and Pierre [6j. The final observation is easily verified. 

In this section, the solution of p.ip will be denoted by m^.q. 

If F is a compact subset of , we define 

(3.4) Vf := sup{u^ : /x G 9Jl+(M^) n W~^'''{R^), /i(F'=) = 0}. 

Then Vp is the maximal cj- moderate solution of (II. ip in F'^ := \ F. 
Obviously, 

(3.5) Vf < Up. 

We derive a lower estimate for Vp, equivalent to the upper estimate for 
U F obtained in the previous section. More precisely: 

Theorem 3.2. Assume that F is a compact subset of Ba{0) and let D be 
a bounded smooth domain such that Bgai^) C D. Then, for every x £ 
B2a{0) \ F, there exists a positive measure /i^' € W~'^''^{W^), supported in 
F , such that 

(3.6) cWp{x) < M„.,o(x) < Vp {x), 

where c is a positive constant depending only on N,q. In particular, 

(3.7) c{N, q)WF{x) < Vp (x) Vx G \ F. 

Proof. Let A be a bounded Borel measure supported in D. We denote by 
G£)[A] the Green potential of the measure in D: 

(3.8) Gz5[A](-):= / 9ni;0dXiC), 

Jd 

where denotes Green's function in D. 
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If /X is a positive measure in W~'^''^{D) then, 

U^,,D < GoifA 

and consequently 

(3.9) u,,o = GdN - GdKJ > Goif^] - Gd[(Gz?[/x])«]. 

Given xq € i?2a \ F we construct a measure ^u^" G Ty~^''^(M''^), concen- 
trated on F such that (j3.6p holds. By shifting the origin to xq we may 
assume that xq = 0. We observe that (j3.6p is invariant with respect to di- 
lation. Therefore we may assume that a = 1/2. Following the shift and the 
dilation we have 

(3.10) Fc5i(0), B2iO)cD, OgF", 

and we have to prove ()3.6p . with an appropriate measure fi^ , at x = 0. The 



right inequality in p.6p is trivial. Therefore we have to prove only that, for 
some non- negative measure /i*^ G W~'^''^(R^) supported in F, 

(3.11) c{N,q)WF{0)<u^o^^{0). 
In view of (IXTnU . 

Therefore it is enough to prove (13. lip for D = i?2(0) which we assume in 
the rest of the proof. 

In what follows we shall freely use the notation introduced in the previous 
section and write simply F„, Tn instead of Fn(0),T„(0) etc. . Observe that 
in the present case Fn = ^ for n < — 1 and F* = F for n < 0. For every 
non-negative integer n, let Vn denote the capacitary measure of 2"'F„. Thus, 
Vn is a positive measure in W~'^''^{W^) supported in 2"F„ which satisfies 

(3.12) i/„(2"F„) = C2,,'(2"F„) 



1^, 



\q 

'n\\]y-2,q • 



Let fjLrnlJ' be the Borel measures in M given by 

oo 

(3.13) ^„(A) = 2-"(^-29')i/„(2"A) n = 0,1,2,... /x = 5^/i„. 



Thus 

(3.14) supp^n C Fn, supp/i C F, 

(3.15) /i„(F„) = 2-"(^-2g')c2^^,(2«F„), fi G VF-2.5(M^). 
Observe also that, for x,^ G Bi(0), 

(3.16) <?z,(x,e)^|x-el'"'^- 

The notation f ~ h means that there exists a positive constant c depending 
only on A^, q such that c~'^h < f < ch. 

The remaining part of the proof consists of a series of estimates of the 
terms on the right hand side of (|3.9p for as above. 
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Lower estimate ofGD[^A ■ Using ()3.15p and (13.160 we obtain, 

^^2-(«+i)(2-A^)<5(0,e) Ve€Bi(0), 



^2 n>0 -^^^ n>0 

^c2-2"/(«-i)C2,,'(2"i^n) = cVF^(O). 



n>0 

Upper estimate o/GD[(Gz)[/i])'^](0). We prove that 



Jd 

(3.18) CO ,. ^ 

= E/ 5i,(o,o(E^^[/^"Ko) de<c(iv,g)w^f(o). 

-1 -^^fe n>0 

This estimate requires several steps. Denote 

oo „ fc— 3 

(3.19) ^i = E/ 9oio,o{Y.^Dwmyd^ 

k=3 -^"^fe n=0 

(3.20) ^2 = 5]/ 9i,(0,e)( E GdK](0) 

-1 •^'^fe n>k+2 
oo „ fc+2 

(3.21) i, = Y^ g,(o,o{ E G^K](o)'de 

-1 •^'^fe n={k-2)+ 

Then 

(3.22) GB[(Gi,[/i])''](0) < 3-^(11 + I2 + h) 

and we estimate each of the terms on the right hand side separately. 
Estimate of Ii. We start with the following facts: 

gn{o,0<CN2'^''-^^ veer, 

and 

go{^, z) < c;v2-"('-^) V(e, z) G Tfc X F„. 
These inequalities and (|3.15p imply, for every ^ € T^, 

= C^2"(^-2)2-"(^-29')C2g,(2"F„) = C^22"/(<?-l)C2g'(2"i^n). 
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Hence 

oo „ A;— 3 

k=3 "^fe n=0 

oo fc— 3 

(3.23) < J]2'=(^-2))2-'=^(^22"/(^-i)C2,,.(2"Fn))' 

fc=3 n=0 
M+1 k-3 

< ^2-2'=(j]22"/('?-l)C2,,K2"i^n))'- 
k=3 n=0 

where M = M(0) is defined as in (I2.27p . Further, we claim that, 

M+l k-3 

I[ := 2-2fcJ^^22"/(9-i)C2,,,(2"i^„*))' < 

(3.24) 



k=3 n=0 
A/+1 



c(iV,(?) ^22"/(«-i)C2,g.(2"F„*). 



n=0 



This inequahty is a consequence of the fohowing statement proved in [291 
App. B]: 

Lemma 3.3. Let K be a compact set in and let a > and p > 1 be 
such that ap < N . Put 

(3.25) cl){t) = Ca,p{^{KnBt)) =Ca,p{^KnBi), Vt > 0. 
Put rm = 2"™. Then, for every 7 G M and every A; € N, 

(3.26) i Yl ^l^i^rn)< rffmj<c Y rl_Mrm-i). 

m=i+l •'^fe m=i+l 

where c is a constant depending only on 7, q, N. 

Actuahy, in this result was proved in the case a = 2/q, p = q' , in M^~^ 
assuming 2/{q — 1) < N — 1. However the proof applies to any a,p such 
that ap < N. In particular it applies to the present case, namely, a = 2, 
p = q' with 2q' < N. 

We proceed to derive (j3.24p from the above lemma. Put = 2 
7 = — ^ and define (j) and ip by 



m 



/s (it 



< r < s. 



By Lemma |3. 3 
(3.28) 



^ rZiC2,q'{rjF^) <Lp{rk,ri) <C ^ ?'m-lC2,g'(V-l^m-l)' 



m=j+l m=i+l 
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for every i,k G f^, i < k. The constant c depends only on q, N, Q. Hence 
(taking into account that F.^ = for m > M + 1) 

oo 

(p{0,ri) ■.= lim(p{r,ri) <c V ?'m-iC2,g'(r„^_ii^m-i) 

m=z+l 

(3-29) 

<cJ2rlC2,Ar;n'K)- 

m=i 

Further, by (|3:28]) . 

M+l fc-3 M+1 

(3.30) I[=Y, rl{Y.^lC2,Arn'K)y < E ^^^''(-^-3, !)• 

k=3 n=Q fc=3 

Since </'(■) -s) is non-increasing, 

(3.31) E r2(^«(rfc_3, 1) < c / 1)t ^ ^ / 
By ([3:29]) 

1 /-i 



(3.32) / tip\t,l)dt < -c t''ip'^-\t,l)(p{t,l)dt 
Jo Jo 

„1 Af+1 

< -c / ^^'(i, < MO, 1) < c( E r;5,C72,g'(^;;'^m) 

m=0 

Finally (|330|) - ([332] ) imply dS^D- In turn, (fSlMll and 1^ imply, 

(3.33) Ji < c(Af,g)WF(0). 

Estimate of l2- Let cr > and {a„} be a sequence of positive numbers. 
Then, 

1 CXD 1 



7i=A; n=fc 

Applying this inequality with a„ = Gd [//„,] (^ ) we obtain 

00 „ 00 

fc=-l -^^fc n=fc+2 

(3.34) <cE2'^"^ E / 2-'^%,(0,OGD[M(e)^'ie 

n>l l<fc<n-2 -^^fc 

<cE2""'' ^ / 2-"*--''2'=(^-2)GDK](6''de, 

n>l l<fc<n-2'^^'= 

where, in the last inequality, we used the fact that 

5d(o,0 <c^2'=(^-2) veeTfc. 
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Choosing a = {N — l)/g we obtain, 

(3.35) /2<c(iV,g)^2"(^-i) ^ I 2-^GD[linMrdi. 

n>l l<fc<n-2'^^'= 

Next we estimate the term 

(3.36) Jk,n := I GnWUfdi, 

JTk 

in the case 1 < /c < n — 2. In view of (I3.13P we have 

GD[^n](e)= / gn{^:Z)d^^n{z)=2-<''-^'i'^ [ ~g{i\ z')dUn{z') 

where 

c' = 2-e, 5(e',^') = to(2-"e',2-V). 

Observe that, if C G 7^ then ^ G Tk^n- Thus 

5(e',^')<c^2-"(^-^)|e'-.f-^ 

we obtain 

(3.37) J,,„ < c(iV,g)2-"(^-2^') / ( / |e' - zf-"" dv^^z'))' . 

Since z' € C -Bi(O) while i' G rfc_„, A: - n< -2 it follows that |^'| > 2 
and consequently 

\i'-z'\>\m. 

Therefore 

/ f / \i' - Z'\^-'' dVn{z')Xdi' <CUn{2-Fny [ l^'l^^"^)^ d^' 

< c{N,q)C2,,'{2^F^y / r(2-^)'?+^-i(ir < c{N,q)C2,,^{2^Fn)A{q, N) 
where we used the fact that C2,g'(2"Fn) < 6*2,5' (-Bi) ^'^'^ 



A(g,iV) 
Thus, for A; > re - 2 > -2, 



In 2 if g = qc- 



(3 33) JM<c(iV,'Z)2-"(^-^')||.„|i:,_,,,,.^ 

= c(iV,(7)2-"(^-2'?')c2„,(2"F„). 
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By ([OH]) and (fOHl) . 

n>0 k>n-2 



(3.39) 

n>0 



= c(iV, q) ^ 2?^C2,,'(2"F„) = c(iV, q)WF{0). 

n>0 

Estimate of By (|3.2ip and the notation (j3.36p we have 

k+2 



(3.40) 



fc=-l '^'^ n=(A:-2) + 

00 fc+2 

fc=-l n={k-2)+ 



By ([3371) 

J,,„ < ciN, q)2-<^-^<^') [ ( [ \e- zf'"" dMz')) 

.It, ^./2"F„ ^ 



and, in the present case —2 < n — k < 2. Therefore Ti^-n C -64(0) and 
consequently, for (^', z') in the domain of integration of the integral above, 



\e-zf~'' ^B2ie,z') 

where B2 denotes the Bessel kernel with index 2. Hence, 

/ (/ |e'-^f~^dz.„(z'))V< 

c{N,q) ||r.„r = c(7V,g)C72,,K2"Fn). 



Therefore, 



00 fc+2 

/3<c(iV,g) 2'=(^-2) Yl 2-"(^-2«')C2,,K2"i^n) 

fc=-l n=(fc-2)+ 



00 



(3.41) <c{N,q) Y 2'=(^-'^2-'=(^-25')C2,g'(2^Ffc) 

fc=-i 

00 

= c(iV,g) ^ 22'=/(«-i)C2,,'(2^Tfc)<c(iV,g)W^^(0) 
fc=-i 

Combining ()3.22p with the inequalities (|3.33p , (|3.39p and (|3.4ip we obtain 

(3.42) GDiiGDMym < c{N,q)WF{0). 
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Finally, we combine ()3.9p with ()3.17p and ()3.42p and replace by e//, e > 0, 
to obtain 

(3.43) u^f^iO) > {ci{N,q)e-C2iN,q)e'')WFiO). 

Choosing e := {ci{N,q)/2c2{N,q))^/'^'^-^ we obtain (IXTTD with c{N,q) = 
ci(iV,g)e/2. □ 

4. Properties of Up for F compact 

As before we assume that -F is a compact set. Combining the capacitary 
estimates contained in Theorems 12. H 13.21 and (I2.3l)we have 



(4.1) Up ^Wf ^Wp in = \ F 

In the present section we use this result in order to establish several prop- 
erties of the maximal solution. 

4.1. The maximal solution is a-moderate. 

Theorem 4.1. Up = Vp ; consequently Up is a-moderate. 

Proof. By ()4.ip there exists a constant c = c{N, q) such that 

(4.2) Up < cVp . 
If the two solutions are not identical we have 

(4.3) Vp{x)<Up{x) VxGD. 

Let a = ^ and put v = {1 + a)Vp (x) — allp. Then aVp (x) < v < Up and 
(as < a < 1) aVp (x) is a subsolution of (jl.ip in D. As in [21] we find 
that f is a supersolution. It follows that there exists a solution w such that 
aVp (x) < w < V < Vp (x). But, by the definition of Vp (see (|3.4p ). it is 
easy to see that the smallest solution of (jl.ip dominating aVp (x) is Vp (x). 
Therefore w = Vp (x). This contradicts (|4.3p . 

By a standard argument, the definition of Vp (x) implies that it is a- 
moderate. □ 



4.2. A continuity property of Up relative to capacity. 

Lemma 4.2. There exists a positive constant c depending only on N, q such 
that, for every compact set K C i?i(0), there exists an open neighborhood 
Nk of K such that 

(4.4) C2,q'{NK)<^C2,q>{K) and / Uk dx < cC2,g'{K). 

JBi{0)\Nk 

Note. In general /Bj(o)\ii' infinite. Of course, (j4.4p is mean- 

ingful only if AC2,g'{K) < C2,q'{Bi{0)). 
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Proof. Let c be the constant in ()2.7|) with R = 2. Assume that 

(4.5) C2,g'{K)<a:=C2,g'{Bi)/8 
and pick 71 so that 

(4.6) 0<7i <C2,g.(^)- 

By Lemma O and (j2:2T]) there exists r] e X/^(M^) such that 

(4-7) r 

Jb2{o)\k 
Fix r/ and denote, 

K^a) = {x £ Bi{0) : {1 - a) < 7]} Va G (0, 1). 
Then K C and 

c^2.,'(i^(a))<(i-«)-'hr;,,,^^^^ 

Therefore, using (j4.5p . we obtain 

(1 - a)--?' = 2 ^ C2,,.(^(a)) < 4^2,,. (K) < C2,g'{Bi)/2. 
Hence, by (lO) . 

(4.8) / UKdx< ca-^'^'{C2,q'{K) + 71) < (4c)C72,,'(i^) 

JB2(0)\K(„) 

where a = 1 - 2^1/5'. □ 
4.3. Wiener criterion for blow up of Up- 
Theorem 4.3. For every point y £ F, 

(4.9) hm Uf{x) = 00 Wpiy) = 00. 

Proof. Without loss of generahty we may assume that y = and that F C 
-61(0). In order to justify the second part of this remark we observe that, 
for every m G N, 

2-^^lii-^)UF{2-'^x) = U,r.^{x) Vx G {2"" FY, 

^^■'^^^ WpiO) = 22^/(9-1) Ty2™F(0). 

Denote 

(4.11) am{x) = C2,g' (2'"F„(x)) , a*^{x) = C2,,' (2'"F;,(x)) 
There exists a constant c = c{N, q) such that for every Borel set A C i?i(0), 

(4.12) C2,q'{2A)<cC2,g>{A). 
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If X, ^ E M^, \x-^\<rrn = 2""^ and < /c < m then 

Hence 

m 

(4.13) 4(C) < c4„i(x) for < A; < m, 22^/(''-i)4(C) < cP7^(x). 

k=0 

As X — > C, m — >■ oo and we obtain 

(4.14) Wp{i) < c(iV, g)liminfH^^(x). 

By ([i?T]) . (|4.14p implies that (fO|) holds in the direction . 

In order to prove (|4.9|) in the opposite direction we derive the inequality, 

(4.15) hminf PF^(x) < c{N,q)Wp{0). 

If Wp{0) = oo there is nothing to prove. Therefore we assume that 

M{0) 

Wm = E (2™F^(0)) < oo. 

— oo 

By Lemma 14.21 with Km = 2"^F^{0), there exists an open neighborhood 
Gm of Km such that 

C2,g'{Gm) <^C2,g'{Km) and [ UK^dx<c{N,q)C2,g'(Km). 

iBi(0)\G™ 

Put T' := [5/8 < |x[ < 7/8] and let Em be a compact subset of T' \ Gm 
such that 

C2,q'{Em) > -C2,q'{T' \ Gm) > -G2,q'{T') - 2G2,q'{Km) 

> \c2,qiT')-2^-^^wm- 
Therefore, there exists an integer mo such that, for m > mo, 



inf C/i^„ < \Em\ / Ux^dx 

^^'^^^ < \Em\-^ciN,q)G2,q'iKm) < , q)G2,q' (Km) / G2,q> (Em) 

< MN,q)G2,q'iBiiO))-^G2,q'{Km) = c{N , q)G2,q' (Km) ■ 

Hence, by (|i30|) . 

inf Up,jo) = 22W{.-1) inf [/^^ < c{N,q)2^^/('i-'^G2,q>{Km), 

2-™-B„i '"^ ^ Err, 

which implies, for m > mo, 

(4.17) inf C/^^(o) <c(7V, 5)22-/(9-1) C2, (i^^)<c(iV,g)t^^(0). 
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Fix j > mo and let ^ G (2"^T') \ F. Denote 
F^' :=F\S2-.+i(0), Ffej :=F^ n{xGSi(0) : <2-'=}, j : = 

Since dist(e,FJ) > 2-^■/^ 

— oo 

For k < j 

Thus Ekj C F^_g and 

(4.18) Wp.iO = ^22'=/('?-i)C2,,K2'i^fc%(0)) < c(iV,<7)W^(0) 

— oo 

for every ^ G {2-^T') \ F. By (liTTD . we can choose G (2^^T') \ F such 
that 

c/ir.(o)(e^) <c(iv,g)w^F(o). 

Hence, by (j4.18p . bearing in mind that Uk ~ ~ every compact 

K we obtain 

(4.19) UF{i^)<UF*^^^{e) + Up,{i^)<c{N,q)Wm Vj > mo. 
This imphes ()4.15p and completes the proof. □ 
Corollary 4.4. Define 

Wf{x) = liminf WF(y) Vx G M^. 

Then, Wp is l.s.c. in and Wp ~ Wp- In addition, Wp satisfies Har- 
nack's inequality in compact subsets o/M^ \ F. 

Proof. The lower semi-continuity of Wp follows from its definition. The 
equivalence Wp ~ Wp follows from (j4.14p and (j4.15p . The last statement 
follows from the fact that Up satisfies Harnack's inequality and Wp ^ Up. 

□ 

4.4. Up is an almost large solution. 

Theorem 4.5. For every compact set F C M^, Up is an almost large 
solution. 

Proof. In view of Theorem 14.31 it is enough to show that there exists a set 
Ac F such that 

(4.20) C2,q'{A) = and Wp (y) = oo Vy G F \ A. 
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It is known (see [1, Ch. 6]) that every point in with the possible exception 
of a set Ai of C2,q' capacity zero, is a C2,g'-thick point of F, i.e., 

(4.21) A'/{y):=Y,{2'"'^^'-'^C,,AK{y))y' = oo yyeF\A,. 



We show that, 

(4.22) A''/{y)<c{N,q){WF{y)r, q = mm{l,q-l) Vg > 1. 
Recah that, 

C2,AK{y)) < c(iv,g)2-2W(.-i)c72,,,(2™i^:.(y)) 

so that 

OO 

(4.23) A'/{y) < c{N,q) ^ {C^,^'^^ F:,{y))y-\ 



In vie w of the fact that C2.q'i2"'F;^{y)) < C2,g'(Si), if g > 2, (1423]) imphes 
([422]) . If 1< g < 2, 

OO 



(J^2-^)'-'(J:2-/<«-)C,„,(2".F.(,)))'-', 

which again imphes (g^!]). Clearly ([OT]) and (|i:22]) imply (fO0|) . □ 

5. 'Maximal solutions' on arbitrary sets and uniqueness I 
For any Borel set E put 

(5.1) T{E) := e I^-2'^(M^) : ^(E^) = 0}, 

(5.2) := sup{n^ : G T{E)}, 

where denotes the solution of If C2^gi{E) = the only measure 

fi € VF^_^''^(M^) that is concentrated on E is the measure zero. Therefore in 
this case Ve = 0. 
By Theorem 14.11 

(5.3) E compact Ve = Ue- 

Therefore the definition of Ve can be seen as an extension, to general sets, 
of the notion of 'maximal solution', previously defined for compact sets. 
However, by its definition, Ve dominates only a-moderate solutions in E'^, 
i.e., solutions of the form limu^^ where {fj-n} is an increasing sequence of 
measures in W^'^''^(R'^) concentrated in E. 

At this stage, it is not clear in which sense Ve is a solution of (jl.ip in E'^, 
which, in general, is not an open set. This question will be discussed in the 
following sections. 
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The C2,g' fine topology (see [1] for definition and details) plays a central 
role in the remaining part of the paper. If ^ is a set in we denote by 
A the closure of A in the C2,g' fine topology and by intqA the interior of A 
relative to this topology. 

Recall that a set ^ C is C2^q' -quasi open if, for every e > 0, there 
exists an open set such that 

AcG„ C2,g'{G,\A) <e. 

A set is G2,q' -quasi closed if its complement is quasi open. 

Every C2,g'-finely open set is C2,q'-quasi-open. On the other hand, if E is 
C2,g'-quasi open then (see [T, Section 6.4]) 

C2,g'{E\mtgE) = 0. 

This implies that every C2,g'-quasi closed set F can be written in the form 

oo 

F = \jKn\JZ, 

n 

where {Kn} is an increasing sequence of compact sets and 

C2,g'{F\Kn)^0, G2,g'{Z)=0. 

Furthermore, if E is C2,g'-quasi closed then 

C72,,'(^\^) = 0. 

In the first two theorems below we describe some basic properties of Ve- 
These results are then used in order to establish a rather general uniqueness 
result for almost large solutions. 

Theorem 5.1. Let F be a G2^q' -quasi closed set. Then 

(5.4) lim Vf(x) = oo for C2o'-a. e. y & F 

and Vp satisfies 

(5.5) -Wf <Vf< cWf, 

c 

where c depends only on N,q. Finally, for every x E F'^, 

(5.6) Wf{x) < oo ^ lim Ve{x) = 0. 

ECF 

Proof. There exists an increasing sequence of compact sets {Kn\ such that 
KnCF and G2,q'{F\Kn) 0. By Theorem Of/j^^ = Vk^ and, obviously, 
Vk^ < Vf- By Theorem 14.51 (15. 4p holds if F is replaced by Kn. Therefore, 
by taking the limit as n — > oo, we obtain (|5.4p in the general case. 
If fi & Tf then = lim where fin = /^Xk „ • Therefore 

(5.7) VF = \imUKr.. 

Since satisfies estimates (12. 5p and (13. 6p for every n, it follows that Vf 
satisfies (15.51). 
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We turn to the proof of the last assertion. Let {Ej} be a sequence of 
subsets of F such that C2,q'{Ej) — > 0. We must show that 

(5.8) e e hmsupyE^.(e) > ^ Wf(,0 = oo. 

By taking a subsequence we may assume that there exists a > such 
that VEj{0 > a for all j. Since Vg.(C) = ^SjlO ™d C2^q>{Ej) implies 

C2,q'{Ej) ^ we may assume that the sets Ej are C2,g'-finely closed. By 
(j5.7p it follows that, for every j, there exists a compact set iCj C Ej such 
that 

(5.9) UK,{0>a. 

By negation, suppose that WV(0 < cxo. Then 



hm ^22i/('?-i)C72,,K2^i^,(e))^0, 
J 

Fj being defined as in (12.11) . Pick a positive integer J such that 

oo 

(5.10) ^22^/(^-i)C2,,K2^i^i(0) < «/4C, 

J 

where C is the constant in ()2.5p . 

Pick a subsequence of {-Kj}, say {Kj^}, such that C2,q'{Kj^J < e/2"', 
with e to be determined. The set A := Ui° ^jn C2g'-quasi closed and 
C2,q' {A)<Y:T C2,q' {Kj^ ) < Further, 

oo —1 

Wa{0 = J;22jV{5-i)c72,,,(2^-^,(0) < j;22J-/fa-i)c2,,,(2^-^) 

— oo — oo 

J— 1 oo 

+ E 2'^'/(^-^)C2,,K2^'^) + Yl '2^'^^'-'^C2,q'{2^Fj{C)), 

J 

where ^j(C) is defined as in (j2.ip with F replaced by A. (We used the fact 
that AjiC) CACF.) By (^M), 

-1 -1 

^22.^/(«-i)C2,,K2-''^) < ciiN,q)J2'2'''C2,q^iA) < C2{N,q)e. 

— oo — oo 

By (I229D, 

J-i J-i 

^22^/('?-i)C2,9'(2^'^) < ci{N,q,J)Y,'i'^''C2,q'{A) < C2{N,q,J)e. 


Therefore, choosing e = {a/AC){c2{N,q) + C2{N,q, J))~^ and using (j5.10p 
we obtain. 

Since Va satisfies (|2.5p we conclude that Va{0 < '3^/2 • As 

Uk^ = Vk < Va, 
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this contradicts (15. 91). □ 



Theorem 5.2. Let F be a C2,q' -quasi closed set and let {Fn} be an increas- 
ing sequence of compact subsets of F such that C2,q'{F \ Fn) — > 0. Then 

(5.11) VF = limUF^. 

Furthermore, there exists an increasing sequence of non-negative measures 
{Hn} C l^-2''?(R^) such that Ai„(F^) = and u^^ Vp in F". 
Finally, for every y £ F, 

(5.12) Wpiy) < oo <J=^ liminf Vf{x) < oo. 

Proof. From the definition of Vp it follows that Vp = limVi?^. By Theo- 
remim Vp^ = Uf„. 

Let ^£Dn = F^ and let {r^j^i be a sequence in ^^-^'^(M^) such that 
Tj!{Dn) = and u^ri[^) Uf„{C)- Note that = max(n^n, . . . ,u^^) is a 
subsolution of the equation 

-Aw + uj'^ = fi^ '■= max(r", ...,t^) in 

Therefore v'^ = u^" is the smallest solution in Dn dominating wl^. The 
sequence {'f^m}m=i increasing, bounded by Uf„ and u"" := limm^oo t^m is 
a solution of ([TT]) in Dn such that 7;"(C) = UF„iO- The fact that < Uf„ 
and equals it at a point E Dn implies that = Uf„- 
Put 



(5.13) := 



m 



Then 

(5.14) C/i.^ = lim ^^^(n) . 

fe^oo 

Finally, if := X^i ''"^"'^ then {^n} is increasing and Vf- 

The last statement of the theorem is proved exactly as in the case that F 
is compact (see Theorem 14. 3p . □ 

Theorem 5.3. Let E be a Borel set such that C2^q'{E) > 0. Then 

(5.15) Ve = Ve 
and, iffi£ Ty+^'^(M^), 

(5.16) < Ve Ai(M^ \ -^) = 0. 

Furthermore, if E is C2,g' -quasi closed, there exists r € W!^^''^(M^) such 
that riE") = and 

(5.17) Ve = lim Ukr- 

k^oo 
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Proof. We prove (15.150 under the assumption that E is bounded, say, E C 
Br. For the general case we observe that 

hm VehBr = Ve- 

Assertion 1 : Let T{E) denote the closure of T{E) in Wj^'^''^{Br). If ^ ^ 
T{E) then u^<Ve- 

Let {vn} be a sequence in T{E) such that f„ — > i/ in W^'^''^{Br). Let Un be 
the solution of 

-Au„ + u1 = Vn in Br, Un = on Sij. 
Then {un} converges in L'^{Br) and the limit n is a weak solution of 

—Au + u'^ = i' in Br, n = on Y,r. 
Since n„ < Ve it follows that u = <Ve. 
Assertion 2 : 

(5.18) zv€T(^) ^i/Gr(E). 

Suppose that u eT{E) but Tij. Then there exists (j) G ^^^'^'(M^) such 
that 

(5.19) WHw^^^'iR^) = 1' ('^' ^) > 0' ('^' = e r^. 

We choose to be a C2,g'-finely continuous representative of its equivalence 
class (see [H Proposition 6.1.2]). Thus the inverse image (by cp) of every 
open interval is quasi-open (see [T] Proposition6.4.10]). It follows that 

Aq := {a : (j){(T) = 0} is C2^g'-finely closed. 

We show that 

(5.20) C2,,'{E\Ao)=0. 
Put ^1 := ^ \ ^0 and 

A+ = {x€Ai: <f>{x) > 0}, A:^; = {x eAi: <f>{x) < 0}. 
If (fOOj) does not hold then 

either C2,g'(A+) > 0, or C2,q,{A-) > 0. 

Each of these sets is C2,g'-finely open relative to E, i.e., there exist C2,g'-finely 
open sets Qi,Q2 such that Qi D E = Af and Q2 ri E = A^ . If, say, 
C2,q'{Qi nE)>0 then C2,q'{Qi n E) > (because C2,q'{G) ~ C2,q'{G) for 
any Borel set G C Br). Let E VF^^''^(IR^) be a non-trivial measure , 
supported in a compact subset of Qi E. Then 

{cp,^l)>o. 

This contradicts (15.190 and proves (j5.20p . 

Further ()5.20p implies that = C2,g'-a.e. on E which implies {(p, v) = 
in contradiction to (|5.19p . This proves Assertion 2. 
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Combining these assertions we conclude: 

(5.21) u G T{E) ^Uu<Ve^V^ = sup{uu : v G T(^)} < Ve- 

Since, trivially, Ve < Vg we obtain (jS.lSp . 

If E is C2,ij'-quasi closed then, by Theorem 15.21 there exists an increasing 
sequence in W^r^''^(K^) such that fin{E'^) = and Ve- Put 



2,9 



(5.22) T : — ^ ^ O'-nl^m CLn '■ — 2 ll/^nll^^^ 

Then T G Ty+^'''(M^), r(E^) = and (l5Tfl) holds. 
We turn to the proof of ()5.16p . The implication 

fi{R^ \E) = 0^u^<Ve 

is a consequence of (|5.15p . To prove the implication in the opposite direction 
we may assume that E is compact. (This follows from Theorem 15.21 ) By 
negation, suppose there exists fj, G VF~^''^(M^) such that < Ve but 
H{R^ \E) > 0. It follows that there exists a compact set K C \ E 
such that IJ-{K) > 0. Let Vn ■= UnfiXK- Then Vn < nu^ because nu^ is a 
supersolution of the equation —Aw + w'^ = u^Xk- On the other hand, Ve 
is the largest solution dominated by uVe, for every n. Therefore 

(5.23) V = \\m.Vn < Ve- 

If A is an open neighborhood of K such that dist {A, E) > then Ve G 
L'^{A). On the other hand 

/ v'^ = oo. 

Ja\k 

Therefore {v — Ve)+ is positive in an open subset A\K. This contradicts 
([523]). □ 

Theorem 5.4. Let Q be an open bounded set in R^ such that = U^^n, 
where {fin} is an increasing family of open sets satisfying 

(5.24) C2,g'(fi\fin) ^0. 

Put 

Fn := dQn, Dn = R^ \ fin, fi" = fi \ fin 

5.25 ^ ^ 

F := a^fi = fi \ fi, D := \ fi 

and assume that 

(5.26) C2y(Fn\5n) ^0. 

Under these assumptions, is t/ie unique dq-large solution in fi. 
The proof is based on several lemmas. 
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Lemma 5.5. Let fl be a bounded open set such that, with the notation 
F:=dn, D:=R^\n, 

(5.27) C2,g'{F\D) = 0. 
Then is the unique dq-large solution in Vt. 

Proof. Let w be a 9g-large solution in $7. First we show that 

(5.28) Vd<v in VL. 

If /i E Td then /i = supj^Xx K C D, K compact} and = supu^^^ 
over compact sets K as above. Therefore it is sufficient to show that 

(5.29) Uf,<v 

for every G Ty_^^'''(R^) supported in a compact set K C D. Since Knfl = 
0, Ufj_ is uniformly bounded in Q. 



Let 



'■= {y ^ F '■ liminf w(x) < oo}. 



Note that 

dgD C dD C dn = F, 

dgD C dg{R^\n) =dgn. 

By <KTf\\ C2,q'{F \ dgD) = 0; therefore C2,g'(F \ dgil.) = 0. Therefore any 
9g-large solution in 0, is an almost large solution in fi. Hence C2,q'{Ay) = 0. 
Let Ge be an open neighborhood of Ay{F) such that C2^q'{Ge) < e. Put 

ns = {x dist (x, F) < 6}, Q'^ = {x e Q : dist (x, F) > 5}. 
Let be a smooth domain such that 0,'^ C H.^ ^'g/2- 

G,,s :=G,n(J7\nj). 
Then v + Vg^ * is a supersolution of (jl.ip in fi^ and, if (5 is sufficiently small, 

u^<v + Va^g on dQg. 

Thus 

w^t < + Vg, ,5 in Qg. 
Since C2,g'(Ge) — > as e ^ 0, Theorem 15.11 implies that, for fixed 6 > 0, 

limFG,, =0 inl^l. 

Letting 6 ^ we obtain ()5.29p and hence (j5.28p . Further, by Theorem 15.31 

(5.30) V^ = Vd<v in n. 
Next we show that the opposite inequality, 

(5.31) V < V^, 

is also valid. (A-priori this is not obvious because we do not assume that v 
is cj-moderate.) 

By (fOTj) C2,g'(D \D) = 0; hence V-^=V^. 
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Let R be sufficiently large so that 1^ C Bji{0). Then 

and Vjj (resp. Ufj) is the largest solution in 17, dominated by the right 
hand side of inequality (i) (resp. (ii)). Since D n Bji is compact, Vjj^^ = 
^DnB H ■ "^^^ uniqueness of large solutions in smooth domains implies that 

Combining these facts we conclude that 

UD = Vn = v^. 

By definition, v < Ujy in hence v < V^. □ 

Lemma 5.6. Let v be a solution of (jl.ip in a bounded open set Q. Suppose 
that A is a C2,q' -finely closed subset of dO, such that 

(5.32) lim v{x) = oo yyedn\A. 
If D ■.= R^\n then, 

(5.33) V^ = Vd<v + Va in n. 

Proof. Let be a measure in W^^'^iR^) concentrated on a compact set 
K C D. Let {On} be a decreasing sequence of open sets such that 

A C On, C2 g'{On \ ^) ^ 0, lim v{x) = 00. 

Let f]* ^ be as in the proof of Lemma [5.51 and let be a sequence of 

positive numbers decreasing to zero. Denote 



:=0„n(i7„\i7;,j. 

As in the proof of Lemma 15.51 we obtain 

< Vb" + V in n*n^s^ . 

Since A C and C2,g'(G" \ ^) ^ it follows that Vb" i Va- Letting 
n — 00 we obtain 

Ufj. <Va + v 

which in turn implies (15.330 . □ 
Lemma 5.7. Put 

Sn,l ■■= Dn \ Dn, Sn,2 = (5,A0A5,(M^ \ 17„), En := F„AF. 

Then, under the assumptions of the theorem, 

(5.34) (a) C2,,'{Sn,l) ^ 0, (b) C2,q'{Sn,2) ^ 0, (c) C2,q'{En) ^ 0. 
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Proof. Since Sn,i C F„ \ L)„,, (a) follows from (|5.26p . 
Since Dn C \ J7„ it follows that 

dgDn C dg{R^ \ Qn) U dgiDn \ Dn), 5g(M^ \ Qn) C OgDn U a,(L>„ \ Dn). 

But (j5.34p (a) implies that C2,q'{dq{Dn \ Dn)) 0. Therefore, the previous 
relations imply (j5.34p (b). 

In order to establish (c) we observe that, 

F c dg^n U 9^17", dg^n C dgQ"" U F. 

It is known that (see [1]) there exists a constant c{N,q) such that, for every 
Borel set A, 

(5.35) C2,q'(^) <cC2,g'(^)- 

Therefore ()5.24p implies that C2,q'i^"') ~^ 0, which in turn implies that 
C2,q'{dgn'') 0. We conclude that 

(5.36) C2,q'{FAdqnn) ^0. 

Hence, as dq^ln C F„, 

(5.37) C2,q' iF\Fn)< C2,q' {F \ Oq^n) ^ 0. 

On the other hand, 

(5.38) Fn\F C{Fn\dqnn)U{dqnn\F). 

Since 

dqnn^dqnn = dq{R^\hn). 

(fOijl (b) implies 

C2,q'{dqDn\dqnn)^0. 

This fact and assumption (j5.26p imply 

(5.39) C2,q'iFn\dqnn)^0. 

Finally, (f536]l . ([OH]) and (fCTD imply 

(5.40) C2,q'iFn\F)^0. 

This together with ([OTll yields (jOD (c). □ 

Proof of Theorem\5^ Let ^ = F„ \ F. By (fOil) (b), C2,q'(^n) 0. li v 
is a 9q-large solution in Q then t> blows up C2^qi a.e. on F and consequently 
it blows up C2,g' a.e. on \ j4„. Applying Lemma [5^ to u in Q„ we obtain 

= "^Dn < + in f^n- 

Note that 

Dn\D = n\an = {n\T}n)^{F\nn) C (1^ \ 1^,) U (F \ F„) 

and 

D\Dn = nn\n = {nn\n)u{Fn\n)c {Fn \ F). 
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Therefore, (lOil) and (fOijl (c) imply that 

(5.41) C2,q'{DnAD)^0. 

The definition of Ve (see ()5.2p ) impUes 

Vd„ <Vd + Vn^\D 
and, by ()5.4ip and Theorem 15 -H V£)^\£) — > 0. Hence 

(5.42) V^^ - V^. 

By Theorem 15. H Va„ — > in $7. Therefore, letting n ^ oo, we obtain 

< V in 17. 

It remains to show that v <V^. As C/-^^ is the maximal solution in 
Lemma 15.71 implies that 



v<V-jj = C% . 



V-n -Vn ^ in n. 



Indeed, as an immediate consequence of the definition of Ve (see 

By ([O^ (a), C2,q'(Dn \ Dn) 0. Hence, by Theorem EH V-^^^^^ ^ in 
Q.n- It follows that 



limVrj < limyp, 



The limits exist because of monotonicity. Since < Vjj^ we obtain. 
Therefore 



lim Vtt = lim Fp, . 



V < limVg = Vg. 



□ 



Corollary 5.8. Suppose that 17 = W^Qn where {Qn} is a sequence of open 
sets such that 

oo 

(5.43) ^C2,g'(Qn) <oo. 

1 

For every n G N, put 

Sn = UxQjfc, Dn = \ 5„ 

and assume that 

(5.44) C2,,'(95n\5„) ^0. 
Then there exists a unique almost large solution in 0. 

Remark. If y € dSn and there exists an open cone Cy, with vertex y, such 
that Cy C \ then y € dqSn- Hence if, for every n € N, this condition 
is satisfied C2^q' a.e. on dSn then ()5.44p holds. In particular, if {Qn} is a 
sequence of balls, (j5.44p is satisfied. 
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Proof. Let Q,n = S'n •= Sn\ dSn- Then {Q.n} is an increasing sequence 
of open sets, (I5.44p implies (|5.26p and (15.43P implies (I5.24p . Therefore the 
corollary is an immediate consequence of Theorem 15.41 □ 

Example. Let {x^} be a sequence of distinct points in i?i(0). Let {r„} be 
a decreasing sequence of positive numbers such that {i?r„ (2^")} is a sequence 
of balls contained in i?i(0) and 

^r^2'^'<oo ifiV>2g', 
(5.45) ^ 

^(1 - log rnf-'i < 00 if iV = 2g'. 

Then there exists a unique large solution in 17 := U^Sj.„(2^")- 

Indeed C2,q>{Br) ~ r^^^g' if ^ > 2g' and C2,g'{Br) ~ log(l - logr) if 
N = 2q' and < r < 1. Therefore the conditions of Corollary 15.81 are 
satisfied. _ 

Note that 0, = L)Br„{x"), but, in general is much larger. For instance, 
if {x™'} is a dense sequence in -Bi(O) then O = Bi{0). Therefore it is 
important that our conditions in Corollary 15.81 require C2,q'{dqQ \ D) = 
and not C2,g'{dn\D) = 0. 



6. Very weak subsolutions 

In this section F is a C2,g'-finely closed set contained in -Bi(O) and D = 
-62(0) \ F. Note that D is a C2,g'-finely open set, but not necessarily open 
in the Euclidean topology. 

We denote by W^'i' (D) the set {h\^ : h G W^^i'{R^)}. If / G W^^i'{R^) 
we denote by supp^j^,')/ (= the C2,g'-fine support of /) the intersection of 
all C2,g'-finely closed sets E such that / = a.e. in \ E. 

The following subspace of W'^''^' (D) serves as a space of test functions in 
our study: 

(6.1) W^;i{D) ■.= {h\^:h€ W2,.'(mA^) n L~(M^), supp^,,,,,/. ^ D}. 

The notation E <^ D means: E is 'strongly contained' in D, i.e., is a com- 
pact subset of D. Some features of this space are discussed in Appendix A. 

The following statement was established in p9] (see Lemma 2.6). (The 
framework in [29j is somewhat different, but the proof, with obvious modi- 
fications, applies to the present case as well.) 

Lemma 6.1. Let D he a hounded C2,qi -finely open set. Then there exists 
an increasing sequence of compact sets {En} such that 

En C U\tqEn+l, Uf^ En C D, 

^^■^^ C2,q'{D\\jTEn)=Q, C2,q'iEn)^C2,q'{D). 

A sequence of sets {En} as above is called a q-exhaustion of D. 
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We denote by Ll^^^,^{D) the space of measurable functions f in D such 

that, for every positive (j) e Wq^^{D), f G L\D; 0), i.e., \ fm e L\D). We 
endow this space with the topology determined by the family of semi-norms 

(6.3) {IML.,z,;« : ^^W^iiD), <A>0}. 

This topology will be denoted by Tif^2.q')iD). 

Further we denote by 971^(2,,') (-D) the space of positive Borel measures fi 
in D such that 

(a) K C D, K compact =^ l^i^) < oo, 

(6) E C D, E Bovel, C2,q'{E) = ^ i^{E) = 0. 
We observe that. 
Lemma 6.2. If ^ ^ Tl),^2,q'){D) then: 

(i) There exists an increasing sequence {fJ-n} of positive, bounded measures 
in M^~2''?(M^) such that finiD") = and fin T Z^- 
(n)Wl:i{D)(lL'{^^). 

Proof, (i) This is well known in the case that /x is a positive, bounded mea- 
sure [6] and it follows from Lemma [6. II in the case that /i is a positive measure 
inaJl„2,,,)(Z)). 

(ii) If e Wq'^{D), it vanishes outside a compact set K^p C D. By defini- 
tion, n{K^) < oo. Furthermore if is the limit C2,q' a.e. of smooth functions; 
consequently it is /i-measurable. Since f is bounded, it is integrable relative 
to fi. □ 

Notation. A sequence as in Lemma [6.2l (i) will be called a determining 
sequence for fi. 

We introduce below a very weak type of subsolution of (|1.2p defined as 
follows. 

Definition 6.3. Assume that the measure fi in (II. 2p belongs to 971^(2.,' 

A non-negative measurable function it is a very weak subsolution of (II. 2p in 

D if, for every non- negative 4> S Wq'^{D), 

(6.5) ueL'i{D-Q where C ■= 

(6.6) - / uACdx + / u'^Qdx < / C^At. 

Jd Jd Jd 

Remarks, (a) If (16. Sp holds for every non-neg ative (/) G VFo '^(I?) then 

(6.7) uAC G i^H^)- 
This is proved in the next lemma. 

(b) Let (f) G Wo^^iD), 7 > 1. By interpolation, G L"'iD) and 
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where := E|a|=2 l^^'Al- 

(c) If0GH^o';ci(D), 7>lthen 

(6.9) V(|<AP^) = 27(</)2)^-i/2v<^, 

A((/.2^) = 27(27 - 1)|</)|2^-2|V</)|2 + 27|</)|2^-iA,/.. 

The last two formulas are easily verified for (j) £ C^(M^); in the general 
case they are obtained by the usual density argument. The fact that \4>'\^'^ G 
Wq'^{D) is a consequence of these formulas and (|6.8|) . (|6.9|) imply, 

(6.10) <.4L2^-imax(l,L)||./.||^.„,^,. 



Theorem 6.4. (i) Ifu is a non-negative measurable function satisfying (j6.5p 
then uAC G L'^{D) . 

(ii) If u is a very weak subsolution of (jl.ip in D (^i.e. ^ = 0) then, for every 
non-negative (j) € Wq'j^(-D), 

(6.11) /" u|AC|(ix+ / u'^C <c(l\\D^ " 



■ \l~<(D) ' 

JD JD ^ 

where C := , c = c{N,q) and L := {{(pW l°° (d) ■ 

(iii) Let /i € VF^^''^(M^) 6e a positive bounded measure vanishing outside D. 
If u is a non-negative very weak subsolution of (II. 2p then 

(6.12) ^ 

(Li/^-^-i) ||/i|| ,,'\\D'4,' Y^') 
V ii^^iiv\^-2,9 II ^Wli (d) / y 

Finally, if L < L, u satisfies 

II^IIl9(D,0) — 

(6-13) _ 1 /„ ^ 1 1 „ ^ 1 



Proof. Let i;^) be a non-negative function in Wq'^{D). By (|6.9p . with 7 = (7', 
we obtain 

I ACI < c(g)C^/^M(<A), M(</.) := ( |V0p + | A,^! ) 
and hence, using (16. Sp . 

(6.14) y u \ AC\ dx <c{q)(^J u'^Cdx^ ''^ (^j M{(Py'dx^ ' , 



(6.15) / M{^)'^ dx<c{q,N)L\D^(\)\ 

JD 

Assuming that u G Li{D, () we obtain uA( G L^{D). 



.2.1,., 

Il9 (D) 
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We turn to the proof of (ii) and (hi) . We assume that u is a non-negative 
very weak subsolution as in Definition 16. 31 Put 



A 



1/9 



B 



l/q' 



By (USD and iKT^i 

(6.16) A'^ = [ u\dx< [ uACdx+ [ Cd^i<c{q,N)AB + C. 

Jd Jd Jd 

This imphes 

Ai < -A'i + -{cBf' +C^A'i< {cBf' + q'C < c'{N, q) max{B''' ,C). 
q q' 

Thus 

(6.17) A < c{q, N) (^^VC?-!) + c^/i'^ . 
By Poincare's inequahty 

\\C\U,'^^^<c{q,N)\\D\\\ 
and therefore, by the same computation as in 



\K\U.',,,<c{q,N)[\\<p'/(''~'\S74>f 
Therefore by ([EHD and (l6T3|) . 



, + 



Li 



^(l+'?)/{.-l)l)2^ 



Li 



(6.18) 



< Li(L + Li) ||L>2 

(D) - ^ ' ' W 



\li 



This estimate and (i6T71) imply (l6T2]) . Further, if /x = 0, (l6T2]) . IKW\ and 
(I6T5I1 imply ([6TT|) . 



Now let -0 be a non-negative function in Wq'^{D) and put 

(1 + ^)^-1, C:=0^^'- 
Then 4> € W/o;£(-D), C ~ and 

\\D'^Li\o,<<^^^)\\D'^,.',,,a + \mL-,u,)- 

This inequality and (|6.12p imply ()6.13p . 



□ 



Lemma 6.5. If F is a Borel set such that C2,q'{F) = then the only non- 
negative very weak subsolution of (jl.ip in D = is the trivial solution. 

Remark. A set of capacity zero is C2,q'-finely closed by defintion. Therefore 
the notion of very weak subsolution in F'^ is well defined in the present case. 
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Proof. Since C2,qi{F) = 0, there exists a sequence {rjn} in W'^'''' (M^) such 
that < rjn < 1) ll^nll 2,q' ~^ and rjn = 1 on a neighborhood of F 
(depending on n). Applying (16. lip to u and (j)n = I — rjn yields: 

f um'''dx<c\\D'^7]jf, ^0. 
^" - N '" Wli (d) 

Since ||??n||^5' it follows that there exists a subsequence converging to 
zero a.e.. Therefore 

liminf / u'^(j)'^dx> I u'^ dx. 
Jd Jd 

This implies that u = a.e. □ 

7. C2.g'-STRONG SOLUTIONS IN FINELY OPEN SETS AND UNIQUENESS II 

We start with the definition of 'C2,g'-strong' solutions of ()1.2p in a C2,q'-finely 
open set or more generally in a C2,5'-quasi open set. We recall that a set E 
is C2,g'-quasi open if, for every e > there exists an open set O such that 
E C O and C2,g'(0 \E) < e. Every C2,g'-finely open set is C2,g'-quasi open; 
if E is C2,g'-quasi open then E ~ int^i?, (see [U Chapter 6]). 

Definition 7.1. Let D be a C2,q'-quasi open set, let /x G Tlt^2,q'){D) be a 
non- negative measure and let be a determining sequence for n (see 

Lemma 16. 2p . 

(i) A positive function u £ L^^^ ^ C2^q' -strong solution of (|1.2p in D 
if there exists a decreasing sequence of open sets {r^n}) such that D C 0„ 
and, for each n, there exists a positive solution u„ G Lfj,^(r2„) of the equation 

(7.1) - A-u„ + ul = fin 
such that 

(7.2) n„^n m L^(,,,,,(I)). 

We say that {(u„, iln)} is a determining sequence for u in D. 

(ii) A C2,<j'-strong subsolution is defined in the same way as above except 
that Un is only required to be a subsolution of (j7.ip in r2„. 

(iii) A positive C2,g'-strong solution of ()1.2p in D is a-moderate if, in addi- 
tion, the sequence {un\ is non-decreasing and there exists a sequence {fn} 
such that Vn G L"'^(r2„) and 

(7.3) - Afri = /"n, Un < Vn in n = 1, 2, . . . . 

(iv) If fj, is bounded and {|hn|lii(n„)} is bounded we say that u is a moderate 
solution. 

Remark. If D is an open set we may choose Qn = D for every n. There- 
fore any non-negative solution of (II. 2p in L) is a C2.g'-strong solution in D. 
Furthermore, if u is a cr-moderate solution of (jl.ip in D in the standard 
sense (i.e. the limit of an increasing sequence of moderate solutions) then it 
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is a (T-moderate C2,5'-strong solution in the sense of part (iii) of the above 
definition. 

Definition 7.2. (a) A C2,q'-strong solution v of (jl.ip in D is called a dq- 
large solution if 

(7.4) lim v{x) = oo C2,g' a.e. at dqD. 

This condition is understood as follows. There exists a determining sequence 
{{vn,^n)} for V in D such that 

oo 

(7.5) J^C72,,.(J7„\D) <oo, 

1 

and, for every M > 0, A; G N, there exists an open set Qk,M such that 



(7.6) 



U^=k^n \DC Qk,M^ C2,q'{Qk,M) = 0. 

fc— >oo 

liminf Vnix) > M Vn > k. 



Note that dqD \ Qk,M C 9$7n for all n > k. 

If F is a quasi closed subset of dD, the condition 

(7.7) lim v{x) = oo C2 g' a.e. at F 

is defined in the same way except that the second line in (17. 6p reads 

liminf Vn{x) > M Vn > /c. 

x^F\Qi.^M 

(b) Let u be a non-negative C2,g'-strong subsolution of (jl.ip in Z?. The 
condition 

(7.8) lim v{x) = C2,„/ a.e. at dqD 

is understood as follows. There exists a determining sequence {{vn, ^n)} for 
f in D satisfying (|7.5p and a family of open sets 

{Qk,, : e > 0, G N} 

such that, 

(7.9) U^^,, (kXd C Qfe,„ lim C2,q'{Qk,e) = 0, 

fc— >oo 

(7.10) lim sup Vn{x) < e \/n> k. 

X^dqD\Qk,e 
x£Q,n 

If i*" is a quasi closed subset of dD, the condition 

1 

(7.11) lim v{x) = C2 „/ a.e. at F 

x^F ' 
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is defined in the same way except that (I7.10p is replaced by 

(7.12) hmsup Vn{x) < e \/n> k. 

(c) Let w be a non-negative C2,q'-strong solution of (jl.ip in D and let u be 

a non-negative classical solution in a domain G ^ D. We say that n < f; at 
dqD if there exists a determining sequence {{vn,^n)} for v in D satisfying 
()7.5p and a family of open sets {Qk,e '■ e > 0, € N} satisfying (I7.9p such 
that 

(7.13) limsup (u — Vn){x) < e \/n>k. 

1 

If F is a quasi closed subset of dD, the condition it < u) at F is defined 
in the same way except that (|7.13p is replaced by 

(7.14) limsup (n — Vn){x) < e \/n>k. 

We present several results concerning C2,g'-strong solutions. The main 
ingredients in these proofs are: Theorem 16.41 the results of Section 5 con- 
cerning Vp and the results of Appendix [Al 

Theorem 7.3. For every L > 0, there exist constants c = c{N, q) and 
c = c{L) such that, for every non-negative measure fi £ 971^(2,9') (-^) 0,''^^ 
every non-negative C2^q' -strong solution u of (jl.2p in D the following holds: 



(7.15) 



\"'\\Ll(D,ci,) — 



for every (p € Wq'^{D) such that < < L. 
Every C2^q' -strong solution u as above satisfies, 

(7.16) u^cpGL^iD), uA{(I)tP) £ L^{D) 



(7.17) - / uA{(l)ij)dx+ / u'i{(l)'ip)dx = / cpi^dfi 

Jd Jd Jd 

for any non-negative (j),ip G Wq'^{D). Finally u satisfies the estimate 

(7.18) u<c{N,q)WF a.e.inD. 

Proof. We use the notation of Definition 17.11 If n„ is a solution of ()1.2p in 
Qn and (p e Wq'J^{D) then 

(7.19) / UnApdx -\- / u'^(f>dx = / (pdfin 
Jd Jd Jd 

Evidently, n„ is, in particular, a very weak subsolution in D; consequently 

it satisfies inequality (|6.13p . By assumption, ^ it in , ; hence u 

satisfies (|6.13p . 
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Assume that ■0 e Wq'^{D) and < < L and the same for ^. Clearly, 
(|7.17p holds for Un- In addition, 

/ u'^{(j)Tl))dx I u'^{(l)%lj)dx, 
Jd Jd 

Jd Jd 

Further, 

A{(j)ip) = <j)A^p + V'Af/) + 2V0 • VV', 

so that 

/ Un\A{(ptl;)\dx < / Un{(p\A^\ + iplAcpl) dx + 2 / -u^lVt/) • V^|dx. 
Jd Jd Jd 

Using again the fact that ii„ — > n in , 

/ Uni(l)A^ + TpAcp) dx ^ / u{(j)Ai{j + ipA(p)dx. 
Jd Jd 

In addition, 

^ u„|V<^ • VV'Idx < ( / UniV(l)fdx)^^^i [ UniVi^fdxf^ 
D Jd Jd 

/ UnAcji^dx + / u'}^(f)'^dx = (j)'^ dun 

Jd Jd Jd 



By dns]) 



ti„(^[A(/)| dx. 



so that 

/ 'Un(V(/))^(ix < - / 4>'^dfj,n + 

Jd ^ Jd 

By Fatou, this implies, 

/ u{\7(l)fdx <l; I (t>^dfi+ I u(j)\A(f)\ dx. 
Jd 2 Jd J^ 

Now assume temporarily that is non-decreasing so that u„ | u. 

Then, by the dominated convergence theorem. 



(7.20) / u„(V(/)- V'0)dx ^ / n(V0 • V?/;)(ix. 

J D JD 

The convergence results obtained above and (j7.19p imply (j7.16p and (|7.17p . 
This in turn implies, by Theorem 16.41 the estimate (j7.15p . 

Discarding the assumption of monotonicity, put f„ := max(Mi, . . . 
Then Vn is a subsolution of the equation 

—Av + v'^ = Un in 0,n 

and there exists a solution Vn of this equation which is the smallest among 
those dominating f„. Then {vn} is non-decreasing and, by Theorem 16.41 

sup / v1^(f)dx < oo 
n Jd 
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for any non-negative (j) G ^o'^i^)- Therefore w = limu„ G L'^^^^^,^{D) 
and by the previous part of the proof u; is a C2,q'-strong solution \n D. In 
particular 

u;|V0||VV| G L\D) y4>,i; G W^;i{D). 

Clearly, 

M^lVc/)- VV'I < w|V(/>||V^|. 

Therefore, once again by the dominated convergence theorem, we obtain 
(j7.20p which together with the previous convergence results imply (j7.15p . 
(men and (ITTTl) . ^ 

Put Fn = Br \ Vtn, F = Br \ D. In order to prove the last assertion, we 
observe that, in Un < c{N,q)WFn with constant independent of n. As 
{Fn} increases, Wp^ T Wp everywhere in D. By (17. 2p and Lemma lA.41 we 
can extract a subsequence of which converges to u a.e. in Z). Hence 
u < cWp. □ 

Theorem 7.4. (i) If F is a Borel set such that C2^q'{F) = then the only 
non-negative C2^q' -strong suhsolution of (jl.ip in is t/ie trivial solution. 

(ii) If F is a C2^qi -finely closed set then Vp is a a -moderate C2^q' -strong 
solution in F^. 

(iii) Let F be a C2,q' -finely closed set. If v is a C2,q' -strong solution in 
D ■.= R'^ \F then V <Vf. 

Proof, (i) By definition, a C2,g'-strong solution u in D = R^\Fis the limit of 
classical solutions in open sets containing D. In the case that C2^q'{F) = 0, 
any such classical solution is the zero solution. Hence u = 0. 

(ii) This is a consequence of Theorem 15.21 

(iii) By Theorem 17.31 : 

V < c{N, q)WF < c'{N, q)VF a.e. in \ F. 
In addition, for every a > 1, 

sup{u : u C2,5'-strong solution in F^, u < aVp} = Vp. 
Hence v <Vf. □ 



Theorem 7.5. Let D be a C2,q' -finely open set and let {vk} be a se 
of non-negative C2,q' -strong solutions of (11. ip in D converging a.e. 



sequence 

., in D. 

Then v := limvk is a C2,q' -strong solution in D. 



Proof. By Lemma IA.4I there exists an increasing sequence of compact sets 
{E'^j such that UE'^ C D and C2,q'{D \ UE'^) = and {vk} is uniformly 
bounded in L^[En) for every n. Since {ffc} converges a.e. it follows that it 
converges in L^{E'n) for every n. By Theorem 17.41 (iii) Vd'= dominates {v^}. 
By the dominated convergence theorem, v in the topology ^^^(2 g')(-^)' 
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By assumption, for each k, Vk is a C2,g'-strong solution. This means that 
there exists a decreasing sequence of open sets {r2m,fc}m=i! such that 

(7.21) D C nm,k, lim C2,,'(l^™,fe \D) = 

m— ►oo 

and, for each m, there exists a positive solution Um,k £ -^k)c(^m,fc) of the 
equation —Au + = in i7m,fc such that 

By Lemma Fa. 31 the space L^^^ q')i^) with the topology r^^^^ q')i^) ^ metric 
space. We denote a metric for this topology by di^2.q')- each k let be 
sufficiently large so that 

di(2,q'){Vk,Umk,k) < 2"'' and C2,q'i^mk,k \D) < 2"''. 

Denote = Um^^k and fi^ = n^^^^Jlm^j- Then {(f^,r2^)} is a determining 
sequence for v in D. □ 

Theorem 7.6. Let F be a C2^q' -finely closed set and let {A^} be a sequence 
ofC2.qi -finely closed subsets of F. For each n, let Vn be a C2^qi -strong solution 
inDn:=M^\An. 

If C2,q'{An) then u„ ^ a.e. in \ F. 

In particular, if ^C2,q'{An) < oo and denotes the extension of Vn to 
such that = oo in An then, 

(7.22) < ^ a.e. m M^. 
Proof. By Theorem 17.4( 111) 

Vn < ciN,q)WA„ < c{N,q)VA„ a.e. in \ An- 

By Theorem 15 . II ^4 ,^ — > a.e. in \ F. This proves the first assertion. To 
verify the second assertion we apply the first to the sequence {^njj^fc with 
F replaced by F'' = Uj^^A^. Note that F'^ is C2,5'-finely closed up to a set 
of capacity zero. □ 

Theorem 7.7. Suppose that z is a non-negative C2,q' -strong subsolution of 
(jl.ip in a C2^q' -quasi open set D. Then there exists a C2^q' -strong solution 
dominating it. 

Proof. Let {(z„,r2„)} be a determining sequence for z. Since {zn)+ is also 
a subsolution we may assume that Zn > 0. Let Zn be the smallest solution 
in ri„ which dominates max(zi,--- ,z„). Then Z„ < Zn+i in ^In+i- Fur- 
thermore, by Theorem I7.4( iii) Zn < Vd= in D. Therefore, by Theorem 17. 5^ 
Z = lim Zn is a C2,g'-strong solution in D. □ 

Theorem 7.8. Let be a C2^q' -quasi open set. Suppose that there exists a 
sequence of open sets such that 

(a) C2,,'(G„A17) ^0, 

(7.23) 

(b) C2,q'{dGn\dqGn)^Q. 
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If V is a dq-large solution of (ll.ip in 17 then v = in D := M \ ^l. 
Thus is the unique dq-large solution in Q. 

Remark. Every C2,g'-quasi open set Q is C2,g'-equivalent to the intersection 
of a sequence of open sets {On} such that C2^q'{0n ^ 0. However, in 
the statement of the theorem, we do not require that G„ contain $7. Instead 
we require (j7.23p (b). 

The proof of the theorem is based on several lemmas. The first collects 
several useful formulas: 

Lemma 7.9. Let A, Ei,E2 be sets in M'^. Then the following relations hold: 

(i) dqA' = dqA, 

(ii) dg{EiUE2)CdqEi\JdqE2, 

(iii) dg{EinE2)cdgEi[\dgE2, 

(7 24) 

(iv) dgEiCdgE2[JdgiE2\Ei)\JdqiEi\E2), 

(v) dgE^ AdqE2 Cdq{E2\Ei)\Jdg{Ei\E2), 

(vi) dgA c dA, dgA c dgA. 

Proof. (i),(ii) and (vi) follow immediately from the definition of boundary, 
(iii) follows from (i), (ii) and the relation 

{E,nE2r = iElUE'2)- 

By (ii), 

dgEi c dg{E^ n E2) U dq{Ei \ E2). 

By (i) and (iii), the relation, 

Ei^E2 = E2r\ {E2 \ Elf, 

implies that 

dg{Ei n E2) C dgE2 U dq{E2 \ El). 
These relations imply (iv) which in turn implies (v). □ 
Notation. Let {A^} and {Bn} be two sequences of sets. 

(a) The notation An C Bn means that C2^q'{An \ Bn) — > 0. 

(b) The notation An '~ Bn means that C2^qi{AnABn) — > 0. 
Lemma 7.10. Under the assumptions of the theorem, 

(7.25) dgGn''^dgGn''^dGn, Gn"^Gn, 



(7.26) dqGn '™ dq^} 

and 

(7.27) C2,q'(GnAn)^0. 
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In addition 

(7.28) dq^ ~ dqQ. 
Proof. By (17.23^ (b) and Lemma 17.91 (vi) we have 

lira ' — ' 

UqGn C oGn C UqGn C OqGn- 

This proves (j7.25p . 

Condition (I7.23P (a) imphes that 

(7.29) C2,q'{dq{Gn \ ^)) ^ 0, C2,q'{dq{^ \ Gn)) ^ 0. 

This fact and Lemma 17.91 (v) imply ()7.26p . 
Next observe that, 

G„ \ C (G„ \ 0) U {dqGn \ dqfl), \ G„ C (1^ \ G„) U {dqn \ OgGn). 

Therefore ([723]) (a) and (17:26]) imply 

(7.30) C2,q'iGnAn) ^0. 

This fact and ([7:25]) imply ([T^T]). 
By and (|730]) . 

(7.31) G2,q'{dqGnAdqn) ^0. 

This fact together with (17:25]) and (17:26]) imply ([7:28]) . 

□ 

Lemma 7.11. Let G be an open set and Q be a C2^q' -quasi open set. Assume 
that G2^qi{dG\dqG) = 0. Let v he a C2^q' -strong solution in G' = G\Q and 
let u he a (classical) solution of ([l.ip in a domain Gq such that G C Gq. 
Suppose that u, v are non-negative and 

(7.32) u<v atF:=dqG\ Q. 
Then 

(7.33) u<v + Vq in G' . 

Proof. Let e be a positive number. Condition ([7.32p means that there exists 
a determining sequence {{vn, ^n)} for the C2.g'-strong solution v in G' and a 
family of open sets {Qk,e} satisfying (|7.5p . (|7.9p and ([7.14p (with D replaced 
by G'). We may and shall assume that r2„ C G, that {0^} is decreasing 
and that, for every e > 0, {Qk,e}'kLi is decreasing. 

In the next part of the proof we keep e fixed. If K is a compact subset of 
F \ Qn,e then (I7.14P implies that there exists an open neighborhood of K, 
say Ok, such that 

u — Vn < e in Ok n 
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Therefore there exists an mcreasing sequence of compact sets {Kn^e} and a 
sequence of open sets {On,e} such that 

(7.34) Kn,,CF\Qn,e, C2,g'{F\Kn,e)^0, 

(7.35) Kn,e C On,e, U - Vn < e in On,e H ^In- 

Let {0(i_e} be a decreasing family of open sets such that 

{dG \ d,G) U {F \ K„,,) U Q C 0;,„ 

(7.36) _ 

C2,,'(o;,J-C2,,KQ), n-iO;,,^g. 

Then £'„^e := O^^^ U O'^ ,^ is an open neighborhood of dG and 

G \ En,e <Z G' <Z Vtn- 

Consequently there exist smooth domains ^n,fL such that 

{x G 0„ : dist {x.dVLn) > 2~"} C il„,e C C il„, 9ri„,e C -En^^- 

The function 'Wn,e := (u — fn — e)+ is a classical subsolution in Qn and it 
vanishes in Qn H 0„^e. Put Sn,e = ^O^^^ \ 0„,e and 

{t(7„,e in \ Sn,e 

in \ 

Then Zn^e is a (classical) subsolution in M^\5„,e. Since ^ f in L^^^ ,')(^')) 
it follows that there exists a subsequence (still denoted {vn}) such that 
Vn ^ V a.e. in G'. Therefore {-Zn,^} converges a.e. in D := \ Q to the 
function 

{(u — ?7 — e)+ in G' 
in \ G. 

In addition 

sup Zn^e < supu < oo. 

Note that D C \Sn,e for all n. Therefore, by the dominated convergence 
theorem, Zne ^ in /^(-C); consequently is a G2 „'-strong subsolution 

in D. In fact {(zri.e,!^^ \ 'S'n,e)} is a determining sequence for in D. 

By Theorem 17. 7t there exists a C2,g'-strong solution in D such that 
Ze < -^e- By Theorem 17.41 (iii), < Vq in D. Thus z < Vq and so 
tt — u — e < in G' . Letting e — > we obtain (j7.33|) . □ 

Corollary 7.12. Let G, Q, G' and u, v be as in the statement of the lemma. 
If 

1 

(7.37) lim v{x) =00 C2m' a.e. atdqG 
then ()7.33p holds. 

Proof. Since u is bounded in G, (j7.37p implies (j7.32p . Therefore the previous 
lemma implies (|7.33p . □ 
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Proof of Theorem 7.8. Let K he a compact subset oi D = \ O and let 
a non-negative measure supported in K. We prove that 

(7.38) % < w in n 
As /x(j1) = 0, (f7:27|) implies 

(7.39) /i^ := hxg„ = MXG„\n ^ 0. 

If is a bounded measure such that v{Gn) = and On,fc is a sequence of 
open neighborhoods of Gn such that DkOn^k = then 

i^{On,k \ Gn) -^0 as k ^ oo. 

Applying this observation to u = fi — ^'^ and using (j7.39p we conclude that, 
for every n € N, there exists a non-negative measure such that 

(7.40) /x„<;u, supp;U„nG„, = 0, (/u-/i„)(M^) ^0. 

As Kn := supp;U„ is a compact set disjoint from Gn it follows that is a 
bounded solution of (jl.ip in a neighborhood of G„. 

Let Qn := \ ^. By fTTTl) G2,q'{Qn) ^ and therefore 

(7.41) C2,q'{Qn)^Q. 

Applying Corollary [7712] to G„, Q„ with u = n^,^ and w = v we obtain 

(7.42) Uf,„<y + Vq^ in Gn\Qn. 

By (j7.40p n^,j — > and, by (|7.4ip . — > 0. Therefore, in view of 
(IZ23D (a), 

(7.43) < V C2,g' a.e. in Q. 

This holds for every non-negative measure fi G W~'^''^{M.^) supported in a 
compact subset of D. Therefore 

(7.44) Vg = Vd < u C2,9' a.e. in U. 

On the other hand, by Theorem 17.41 (iii), v < V^n\q. But (j7.28p implies 
that 



As dqD = dqQ it follows that \ ~ L>. Thus Vg = Vf,N\^ and finally 
v = V^. 

□ 

Example. Let {x™} be a sequence of distinct points in Bi{0). Let {r„} 
be a decreasing sequence of positive numbers such that (j5.45p holds and 
Br^ix"") C Bi{0). Put 

f^„ = i3i(0)\U^5,,(x^). 
Then there exists a unique large solution in 



:= nfftn = Bi{0) \ U'^Br.ix''). 
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Appendix A. On the space VFq'^ 

We establish some features of the space Wq which show that it is suffi- 
ciently rich in order to serve as a space of test functions in C2,ij'-finely open 
sets. These are used mainly in Section [71 

Lemma A.l. Suppose that D a C2^g' finely open set and K is a bounded 
C2,q' -finely closed subset of D. Then, for every a > 0, there exists (pa £ 
W'^'i'iR^) such that : 

{i) < (/)a < 1, {ii) SUpP(2,,')(/'a ^ D, 
{Hi) C2,q,{{x K : (t)a{x) <l}) < a. 

Proof. Let < e(l + 2"^') < a. Let K' be a compact set and D' be an open 
set such that, 

K' dK, DC D', C2,q>{K \ K') < €, C2,g'{iy\D) < e. 

Let (phe a, smooth function with compact support in D' such that < (/> < 1 
and (/) = 1 on a neighborhood of K' . Let {An} be a decreasing sequence of 

open neighborhoods oi D' \D such that 

C2,q'{An)^C2,q:[iy\D). 

Further, let {rjn} be a sequence of functions in W'^''^ (M^) such that 
< r/„, r?„ > 1 C2,q' a.e. in A„, ||7?„||'' , = C2,q'(An). 

(See [H Thm.2.3.10] for the existence of such functions.) 

Let a € (0, 1) and put En = {x € D : rjn{x) > 1 — a}. Then 

{l-a)r'''\\Vn\\^,,,'^^^^>C2,AEn) 

SO that 

limsupC72,g,(^n) < C2,g'iAn)/{l - af' < e/(l - af' . 
Let /i be a monotone, smooth cutoff function such that 

ift<a/4 
h(t) = t ift>a/2. 

Then := /i o - ^n) G T^2''?'(M^) and 

(pn > a on K'n := K' \ En, 0n = C2,q' a.e. in 
Thus, choosing a = 1/2, 

2 f > 1 on K;, supp,2 C (suppt/)) \ A„ d L), 

^ \ limsupC2,g/(K\K;) < eCl + Cl-a)-"'). 

By applying (to (pn/oi) another smooth cutoff function which approximates 
min(-,l), we obtain a sequence of functions which, for n sufficiently large, 
satisfy the statement of the lemma. □ 
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Corollary A. 2. Let D be a bounded C2,q' -finely open set and let {En} be a 
q-exhaustion of D (see Lemma [6A\) . Then there exists a sequence {^fn} in 
1^2,'/'(KAf) such that : 

(z) < V3„ < 1, {a) SUpP(2,,')(/'n (E En+l, 

(A. 3) °° 

{Hi) ^^C2,g'(-E'n \ = 1]) < oo, (iv) {fn} is non- decreasing . 

n=l 

In particular | 1 C2,g' a.e. in D. 

Proof. We construct (pn as in Lemma lA.ll with K and D replaced by 
and intq£'„_|_i, a = 2~" and a = 1/2. Then we put (pn := X^i '■Pm and finally 
apply to 2(pn a smooth cutoff function which approximates min(-, 1). □ 

Lemma A. 3. Let D be a C2^q' -finely open set and let Tif^2,q')iD) be the topol- 
ogy in L^^2,')(-^) defined by the family of seminorms (16. 3p . Then T((^2,q'){E>) 
is a metric topology. 

Proof. It is sufficient to show that the space is separable. For each fixed (f) G 
Wq'^{D), the space L'^{D:,<j)) is separable. Let {v^n} be as in Corollary IA.2I 
Then, for every / G Ll^^_^,^{D), 



/^(l - ^m)dx ^0 V^^ G W^'^iD). 

D 



0,00 

Therefore, if {/ifc.mjfcLi ^ dense set in L^(T)\ ipm) then 

{hk,m ■ k,m €N} 

is a dense set in L'',^ lAD). □ 

Lemma A. 4. Assume that F is a C2^g' -finely closed set and F C i?/j/2(0)- 
Put D = Bji{0) \ F. Let {En} be a q-exhaustion of D. Then there exists a 
q-exhaustion {E'^} such that 

(A.4) E'nCEn, C2,g'{En\E'J^0, 

for which the following statement holds: 

The set of non-negative very weak subsolutions of (jl.ip in D is uniformly 
bounded in L'^{E'n) for every n G N. 

Proof. Let {^Pn} be as in Corollary I A . 2 1 and let A^^k be an open neighborhood 
of En \ [-Pn = 1] such that 

C2,q'{An,k) < {l + 2-'')C2,q'{En\[iPn = 1]), in,fc+l C An,k V/c > n, n G N. 

Put E'n = S„\U^„A„,fc. Then {E'n} is a g-exhaustion of D and ([Xi]) holds. 
Furthermore, = 1 on E'n. Hence, by Theorem 16.41 every non-negative 
very weak subsolution u of (jl.ip in D satisfies 

/ u'^dx< I nV'^'dx<c((?,A^)||Z)Vn||'',',^,. 

J E'^ J D 

□ 
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Lemma A. 5. Let K be a bounded C2,q' -finely closed subset of D. Then, for 
every e > 0, there exists a compact set C K such that 

C2,,'{K\K,)<e, feL^m Mf(^Ll^,^{D) 
Proof. This is an immediate consequence of Lemma lA.ll □ 

Appendix B. Open problems 

There are many interesting problems related to possible extensions of the 
theory of solutions in finely open sets, presented in Section [71 We do not 
describe here problems of this nature, but only problems directly related to 
results presented in the present paper. 

In order to formulate the first problem, it is convenient to introduce an 
additional definition. 

Definition B.l. Let n be a non-negative measurable function in a C2,ij'-finely 
open set D and let /u G 9Jt(.(2, be a non-negative measure. We say that 
It is a C2,q'-weak solution of (11. 2[) in $7 if u satisfies ()7.16p and ()7.17p . 

Problem I. We know that if u is a C2,q'-strong solution then it is also a 
C2,g'-weak solution, (see Theorem 17. 3p . Does the opposite implication hold: 
is it true that every C2,g'-weak solution of (jl.2p is a C2,g'-strong solution? 

Problem II. This problem is related to Theorem 17.51 The question is if 
the following related assertion is valid: 

Let D be a C2^q' -finely open set and let {vk\ be a sequence of non-negative 
C2,q' -strong solutions of (jl.ip in D. Then there exists a subsequence {vk^}, 
converging in L^^^ <,')(-^)- 

We observe that if such a subsequence exists then one can extract a further 
subsequence which converges a.e. in D and, by Theorem 17.51 its limit is a 
C2,g'-strong solution in D. 

The next problem is related to the uniqueness result Lemma 15.51 It is 
known that in the subcritical case condition (j5.27p is necessary in order to 
guarantee uniqueness of large solutions. (In the subcritical case the notion of 
'large solution' and '9g-large solution' coincide.) The situation is essentially 
different with respect to 5g-large solutions in the supercritical case. In fact 
it is likely that condition (|5.27p is not necessary in this case. 

Problem III. Let Q be a bounded open set and put F := M.^ We know 
that Vp is an almost large solution and, a- fortiori, a dq-large solution in Vt. 
Question: Is Vp the unique dq-large solution inVt? 
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